In this paper, pole placement-based design and analysis of a free piston Stirling engine (FPSE) is presented and compared to the well-defined Beale number design technique. First, dynamic and thermodynamic equations governing the engine system are extracted. Then, linear dynamics of the free piston Stirling engine are studied using dynamic systems theory tools such as root locus. Accordingly, the effects of variations of design parameters such as mass of pistons, stiffness of springs, and frictional damping on the locations of dominant closed-loop poles are investigated. The design procedure is thus conducted to place the dominant poles of the dynamic system at desired locations on the s-plane so that the unstable dynamics, which is the required criterion for energy generation, is achieved. Next, the closed-loop poles are selected based on a desired frequency so that a periodical system is found. Consequently, the design parameters, including mass and spring stiffness for both power and displacer pistons, are obtained. Finally, the engine power is calculated through the proposed control-based analysis and the result is compared to those of the experimental work and the Beale number approach. The outcomes of this work clearly reveal the effectiveness of the control-based design technique of FPSEs compared to the well-known approaches such as Beale number.
Introduction
The Stirling engine is a heat engine that operates based on the cyclic compression and expansion of a gaseous working fluid at different temperature levels. The Stirling engine has a high efficiency and relatively quiet operation compared to other types of the heat engines [1, 2] . Moreover, it can use various heat sources and thus, is compatible with alternative and renewable energies [1] . The Stirling engine was invented by Robert Stirling in 1816. Stirling engines can be classified as kinematic and dynamic engines. The free piston Stirling engines (FPSEs) are known as a type of dynamic Stirling engines. The first FPSE was designed by Beale in 1964 [1] . Such a Stirling engine has no kinematic mechanisms coupling the reciprocating elements to each other or to a common rotating shaft. Instead, the elements move entirely in response to the spring forces upon them.
Investigations on the performance of the Stirling engines are known to be a critical issue in designing the Stirling converter. So far, various empirical and analytical theories have been devised by researchers to predict the performance of the Stirling engines [1] . The first theoretical approach towards the estimation of the engine power, known as Schmidt's theory [1, [3] [4] [5] , was introduced for the kinematic type of the Stirling engines. Tavakolpour-Saleh et al. [6] have investigated the performance of a kinematic low-temperature Stirling engine with two cylinders connected to one crankshaft. They have presented a novel theory for the prediction of real gas temperature to calculate the engine's power. Cheng et al. [7] utilized a non-ideal adiabatic theory to predict the performance of a β-type 300 W self-made kinematic Stirling engine with an error of 12-20%. The effect of the regenerator wire mesh number on the shaft power was tested, and an optimal mesh number was recommended. Tlili and Musmar [8] studied the effect of the geometrical and physical parameters on the performance of a Stirling engine containing Ross Yoke mechanism. They presented thermodynamic optimization of the Ross Yoke engine based on a numerical model integrating the internal and external irreversibility. Hachem et al. [9] extended the Urieli quasi-steady model by adding thermal and mechanical losses to analyze the effect of heat exchanger efficiency on the performance of a gamma-type Stirling engine. The obtained results demonstrated that, for a high initial filling pressure, the brake power is more sensitive to the rotational speed as well as the hot end temperature.
Obviously, Schmidt's theory was not enough to correctly investigate the performance of the dynamic type of the Stirling engines. Consequently, many researchers have proposed different mathematical models to predict the performance of such engines, each of which possesses particular advantages and drawbacks. Beale [10] [11] [12] carried out the first dynamic analysis of the FPSE. Walker and Senft [5] presented another preliminary analysis on FPSEs considering the assumptions of Schmidt's theory. However, the fundamental of the Schmidt's theory was based on the kinematic engines. Consequently, different researchers strived to present appropriate analytical approaches to model such dynamic engines.
Formosa [13] developed a global semi-analytical model for the preliminary design of a free piston Stirling engine. He estimated the performance of a FPSE by coupling thermodynamic and dynamic equations. He considered the regenerator efficiency, the performance of heat exchangers, and the heat losses in the optimization process of FPSE.
Zare and Tavakolpour-Saleh [14] proposed a novel frequency-based design approach of the free piston Stirling engines using a genetic algorithm (GA). In this work, the optimum values of design parameters, i.e., mass and spring stiffness of the power and displacer pistons and the cross-sectional area of the displacer rod were obtained using GA. They showed that the proposed design technique could estimate the operating frequency and the generated power of FPSEs with an acceptable accuracy.
Karabulut [15] presented a dynamic model for the free piston Stirling engines based on open and closed thermodynamic cycles. Their results revealed that the engine possessing closed thermodynamic cycle was stable within a smaller range of hot end temperature and damping coefficients.
Kwankaomeng et al. [16] designed, constructed, and analysed a FPSE engine. In this research, the generated power and efficiency of the engine corresponding to different frequencies were obtained. The experimental results of the FPSE clearly demonstrated that a maximum output power of 0.68 W was found at 6.4 Hz engine speed using a 10W heat source. Kwankaomeng et al. [17] presented a revolutionary approach to predict the performance of a FPSE with a swept volume of 23 cm 3 . The developed prototype engine was equipped with an air cooling system and an alcohol burner was used to heat the engine. The testing results showed that the engine achieved an output power of about 0.10 W at 730 RPM considering a 10.45 W heat source. However, this research was just a preliminary work to determine the performance of the engine. Vichaidit et al. [18] designed, manufactured, and tested a free piston Stirling engine with a swept volume of about 46.65 cm 3 . The presented prototype was able to operate within a temperature range of 100
• C to 280
• C, and at atmospheric pressure. Next, frequency-stroke characteristics of the engine were measured and reported. The experimental results showed that a maximum output power of 4.69 W was achievable at hot and cold temperatures of 163
• C and 40 • C respectively. Rogdakis et al. [19] presented a dynamic model for FPSEs possessing three degrees of freedom. The obtained model was thus simulated by linearizing the obtained equations around an equilibrium state. Boucher et al. [20] carried out an analysis on a free piston Stirling engine possessing a power piston and two displacers and then, obtained optimum values of design parameters for 1 kW output power. Tavakolpour-Saleh et al. [21] applied a perturbation technique to the analysis of a FPSE possessing nonlinear springs. The method of multiple-scale was used in this investigation to achieve the final solutions of the governing nonlinear differential equations.
In the present article, control-based design of a free piston Stirling engine is considered as an alternative to the well-defined Beale number approach. Accordingly, the root locus approach incorporating dynamic and thermodynamic equations are utilized to study the dynamic behaviour of the engine system. First, the effects of variations of design parameters (i.e. the mass of pistons and stiffness of springs) on the locations of the dominant eigenvalues (poles) of the system and the engine performance are investigated. Next, based on a desired frequency, locations of the dominant and non-dominant poles are selected such that engine's marginal stability is founded. Consequently, the engine design parameters such as the mass of pistons and stiffness of springs are obtained. Finally, in order to validate the presented design technique, the estimated output powers of the engine corresponding to different operating frequencies are compared to experimental data and the predicted values by Beale number approach.
Fundamentals of the free piston Stirling engines
A schematic representation of a FPSE is given in Fig. 1 . The internal volume of the FPSE can be divided into compression and expansion spaces. The mentioned spaces are connected together through a duct incorporating a regenerator. Although the regenerator is a key element in the FPSE, however, it can be neglected at the expense of a lower output power and efficiency. It is made of a porous metallic material, which absorbs and rejects heat periodically during the thermodynamic cycle. In addition, the regenerator serves to provide a more realistic isothermal process in the thermodynamic cycle. The ideal Stirling cycle includes two isothermal and two isochoric processes as shown in Fig. 2 [1] . According to this figure, the Stirling cycle contains four states, i.e., heating, expansion, cooling, and compression. A short explanation of each thermodynamic state is given in Fig. 3 . 
Linearized model of FPSE
In this section, the thermodynamic and dynamic equations are used to investigate the behaviour of the FPSE. Therefore, according to Newton's second law of motion, the dynamic behaviour of the FPSE can be modelled as follows:
Obviously, the dynamics of the FPSE was described by the two coupled secondorder differential equations. Consequently, the FPSE was a fourth-order dynamic system with gas pressure as input excitation. Using ideal gas law, a nonlinear relationship for the instantaneous pressure of the gaseous working fluid inside the engine chamber can be acquired as:
It is important to note that as regenerator was not considered in the free piston engine, the corresponding volume was ignored in Eq. (3). The nonlinearity presented in Eq. (3) is due to the changes in the volumes of expansion and compression spaces. The volumes of expansion and compression spaces are themselves functions of pistons positions (x and y) and can be expressed as (see Fig. 1 )
In order to achieve a linear dynamic system, the nonlinear pressure equation (presented by Eq. (3)) was first linearized around an equilibrium state. For convenience, it was done around the initial volumes V ko and V ho , which coincides with the positions x = 0 and y = 0. Thus, the linearization of Eq. (3) results in the following linear pressure equation:
Now we can make the Laplace transforms of Eqs. (1), (2), and (3) and after simple algebraic manipulation get the final form of our dynamic model:
The above linear model can be further presented in the state space form:
where
From the linear dynamical systems theory we now [1] that the dynamic behaviour of the above system is completely characterized by eigenvalues of matrix A s , i.e. the roots of its characteristic equation:
Where d i are functions of the engine design parameters such as
A r and A which can be derived as follow:
Based on the mentioned approach, a design procedure can be devised to design and study the FPSE. Indeed, the values of the four unknown design variables of the FPSE, such as the mass and spring stiffness of power and displacer pistons, were achieved by equating the coefficients of the obtained objective function with those of the characteristic polynomial w 4 A s (λ) in Eq. (14) . Thus, by solving the four obtained new equations, the four unknown design parameters will be acquired. In the sequel, on the basis of the acquired values of design parameters and using Eqs. (1) and (2), the motions of power and displacer pistons will be studied.
Analysis of a FPSE using roots loci
In this section, dynamic behaviour of a FPSE is investigated using root locus technique. As a prototype FPSE, the SUTech-SR-1 developed at Shiraz University of Technology [21] was considered in this work. The specifications of the mentioned FPSE were given in Table 1 . First, the root locus analysis of the prototype engine was implemented considering each of the engine design parameters (
as an objective variable (in Eqs. (15) to (18)). Consequently, the roots loci can be easily plotted for each value of the objective variable which leads to a new place of characteristic roots on the s-plane based on Eq. (14) . Accordingly, the combination of the roots places corresponding to each value of the objective variable form the resultant root locus plots. 
Effects of gas temperature on the FPSE dynamics using root locus method
The first important parameter affecting the instability of the regulator system (i.e., the FPSE) was the gas temperature. Fig. 4 depicts the root-locus plot for variation of the gas temperature in the expansion space ranging from 273 K to 1500 K. It can be seen that, by increasing the hot gas temperature, the dominant closed-loop poles of the engine system starts to move towards the right-hand side of the s-plane (RHP). This means that the engine system tends to become more unstable as the hot gas temperature is increased. As a result, a more output power can be expected. In contrast, by increasing the value of cold gas temperature from 273 K to 800 K, the dominant poles move to the left half of the s-plane as shown in Fig. 5 and consequently, the engine will stop working. 
Effects of springs stiffness on the FPSE dynamics using root locus method
Another important parameter affecting the performance and instability of the FPSE is the stiffness of the springs of the power and displacer pistons. These latest issues are investigated in this subsection. The root-locus plot for varying values of the power piston stiffness is demonstrated in Fig. 6 . Obviously, by increasing the value of the stiffness of the power piston (from 0 to 2000 (N/m)), the dominant closed-loop poles of the dynamic system gradually move to the left half of the splane and, as a result, the engine will be shut down. Also, by increasing the amount of spring stiffness of the displacer piston in the range 0 to 2000 (N/m), a more unstable dynamics can be obtained initially. However, increasing the displacer stiffness beyond a distinct level causes the dominant poles to be moved in the opposite direction, as shown in Fig. 7 . Consequently, there exists an optimum point at which a maximum output power can be picked up (see Fig. 7 ). 
Effect of piston mass on the FPSE dynamics using root locus method
According to Fig. 8 , it can be inferred that by increasing the mass of the power piston ranging from 0.005 kg to 2 kg, the dominant closed-loop poles enter the right half of the s-plane and the dynamic system become more unstable. However, the system frequency is decreased considerably as the imaginary component of the closed-loop poles is diminished. Moreover, increasing the mass of displacer piston from 0.005 to 0.5 kg has a negative effect on the instability of the engine system (Fig. 9). 
Effects of gas mass on the FPSE dynamics using root locus method
The gas mass inside the engine cylinder plays a crucial role in the performance of FPSEs. As discussed earlier, the gas mass was expressed as the sum of gas masses in the expansion and compression spaces as well as the gas mass inside Fig. 10 shows that by increasing the value of gas mass from 0.005 to 0.5 kg, the dominant closed-loop poles enter the right half of the s-plane and eventually, the engine system becomes more unstable. In addition, this change significantly increases the operating frequency of the FPSE system. Till now, the performance of a FPSE, namely SUTech-SR-1, was investigated using a control-based design scheme. However, a question may arise about the validity of the proposed mathematical scheme. In the following sections, it was attempted to respond this important question.
Validity of the presented control-based analytical approach
In this section, it was strived to show the validity of the control-based analysis of the free piston hot-air engines by comparing the engine power estimated by the proposed control-based mathematical approach to those of an experimental engine and the Beale number prediction. In the following subsections, first a prototype engine, namely SUTech-SR-1, was experimented so as to find the engine work power. Then, the output power of the free piston engine was calculated based on the operating frequency using the presented root-locus analysis. Finally, the well-known Beale number approach was used to predict the engine power.
Measured output power of the experimental engine
As mentioned earlier, in this work the prototype FPSE, namely SUTech-SR1 (see Fig. 11 ) along with its corresponding characteristics, were considered throughout the paper. The values of engine design parameters as well as the operating temperatures were previously given in Table 1 . This engine has been designed based on the target frequency of 70 rad/s at the Shiraz University of Technology. The output power of the prototype engine was measured as 2.7 W at frequency of 67.9 rad/s. More details on the experimental work and the measurement technique can be found in [21] . 
Estimation of the output power using root locus technique
The operating frequency of an FPSE is an important design parameter that considerably affects the performance of such thermal converters. As mentioned earlier, the operating frequency of the engine system could be found based on the imaginary component of the dominant closed-loop poles of the dynamic system. In this section, an objective frequency of about 70 rad/s was first considered in the design process. Accordingly, the positions of the desired closed loop poles on the s-plane were selected such that marginal stability was found (see Table 2 ). Consequently, an objective polynomial function with the roots given in Table 2 could be formed. Then, the values of the four unknown design variables of the FPSE, such as the mass and spring stiffness of power and displacer pistons, were acquired by equating the coefficients of the obtained objective function with those of the characteristic polynomial w 4 A s (λ) in Eq. (14) . Thus, by solving the four obtained new equations, the four unknown design parameters could be obtained (see Table 3 ). At the end of the day, based on the obtained values of design parameters and using Eqs. (1) and (2), the motions of power and displacer pistons could be simulated via the central finite difference method as previously discussed in [14] . Afterwards, the simulated motions of power and displacer pistons were further employed to investigate the variations of gas pressure (see Eq. 3) as well as the gas volume inside the engine (see Eqs. (4) and (5)). Accordingly, the generated work could be calculated through the corresponding P-V diagram. Finally, the engine power was found as 2.89 W by multiplying the desired frequency by the calculated work. Table 3 . Values of the design parameters based on the desired frequency of 70 rad/s 
Prediction of the output power using the well-defined Beale number approach
Beale [1] carried out extensive researches on the Stirling engines experimentally. These researches resulted in a practical design formula for the Stirling engines. This method is known as the so-called Beale number (BN) today. Beale number approach is an important methodology to estimate the output power of various types of Stirling engines. According to the Beale formula, the output power of Stirling engines can be estimated as [1] :
where P m is the mean pressure (bar), V P is the swept volume of the power piston (m 3 ), f is engine speed or frequency (rad/s), and BN is the so-called Beale number. There are many ways to reach the Beale number one of which is known as the Walker curve [1] . Walker presented the Beale number as a function of the source temperature (T H ). It is clearly demonstrated in Fig. 12 and is considered in many One should keep in mind that the mean pressure P m in Eq. (19) is in fact the average value of the gas pressure in Eq. (11) over one cycle. Based on the Schmidt's theory, the assumption of sinusoidal motions of power and displacer pistons are reasonable [14] . Thus, by considering this assumption in Eq. (11) the mean pressure (P m ) can be computed. Consequently, at frequency of 70 rad/s the engine power was found as 2.82 W using the Beale number approach.
A brief summary
Based on the presented investigation on the output power of the considered FPSE, it is obvious that the results obtained from the proposed control based analysis are in a good agreement with those of the Beale number approach and the experiment. Consequently, validity of the proposed control-based design technique is affirmed to some extent. Table 4 summarizes the obtained comparative output powers of the engine using three methods. It is interesting to note that the estimated power by the control-based analysis is very close to those estimated by Beale number approach. Beside, inspection of the phase portrait ( Fig. 13) shows that the simulation results (root locus) are in a good agreement with the experiment outcomes through which more evidence regarding the validity of the proposed mathematical scheme was found. One should keep in mind that the paper was focused on linear analysis of FPSE. Although, nonlinear analysis of FPSE is of practical importance, it is beyond the scope of this work. Consequently, the next research will be directed toward an extensive investigation on Lyapunov analysis and nonlinear modeling of FPSE as well. The following section attempts to present a comparison between the Beale number approach and the root locus analysis of the free piston Stirling engine with more details.
A comparative study between the root locus and Beale number techniques
In this section, the Beale number and root locus design techniques are compared taking into account seven target frequencies such as 55 rad/s, 60 rad/s, 65 rad/s, 70 rad/s, 75 rad/s, 80 rad/s, and 85 rad/s. Table 5 summarizes the locations of the selected poles of the engine corresponding to each frequency. As can be seen in this table, in each case, two dominant poles were selected on the imaginary axis of the s-plane to provide the desired frequency. Moreover, the non-dominant poles were chosen far enough to the left side of the s-plane so that their effect on the system response becomes insignificant. In addition, the imaginary components of the non-dominant roots were eliminated to avoid any possible perturbations in the motions of the power and displacer pistons. Thus, based on the desired frequencies and the corresponding closed-loop poles, mass (M p , M d ) of the power and displacer pistons and their spring stiffness (K d , K p ) were acquired for each case (see Table 6 ) using the methodology described in subsection 5.1.
Next, the output power was found corresponding to each frequency via the root locus and Beale number approaches described in subsection 5.1 and 5.2, respectively. The comparative results of the predicted powers by each technique were reported in Table 7 and then were plotted in Fig. 14 . It can be clearly seen that the results of the proposed control-based analysis are in a good agreement with those obtained from the conventional Beale formula. At this moment, a question may arise about the ability of the proposed controlbased analysis to predict the Beale number. Thus, the obtained results presented Table 7 were employed to calculate the Beale number for each frequency. As it is represented in Fig. 15 , the calculated values of BN based on the control-based analysis (see solid lines) are close to that of the Walker curve (see dash line) considering the heat source temperature of 600 K.
Conclusion
In this research, pole placement-based analysis of FPSEs was introduced as an alternative to the conventional Beale number approach. It was represented that the root locus technique enabled one to predict the engine performance at different operating conditions and based on different values of design parameters. Although the fully thermodynamic design approach as well as the well-known Beale formula have been used extensively by researchers to design the FPSEs, it was shown that the proposed design approach can be another reliable technique for designing such Stirling engines. In this work, the proposed design method was established based on an appropriate selection of the dominant and non-dominant closed-loop poles such that a desired frequency was acquired. It is important to note that the dominant poles should be chosen in such a way that the dynamic system becomes periodical or even unstable in order to generate energy. In this approach, the output power could also be computed through the simultaneous application of the dynamic and thermodynamic equations in the state-space. Unlike the previous reports in which the values of design variables such as mass and spring stiffness for both power and displacer pistons were obtaining by trial and error schemes, a very systematic way to design the FPSEs was proposed in this article. Furthermore, the validity of the proposed control-based design technique was evaluated through a comparative study among the proposed method, the conventional Beale number, and the experimental data. The outcomes of this work clearly revealed the effectiveness of the proposed design technique of FPSEs compared to the conventional approaches such as Beale number.
